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Abstract.---A multi-cell method in which the cells are assumed to be open at the top (thus removing 
the need for the prescription of cell heights) is presented. The method is applied to the calculation 
of dispersion of SO, for a 2-h period in Nashville, Tennessee. 

The multi-cell method for prediction of atmospheric dispersion of contaminants is simple 
to apply and usually yields results which compare favorably with those obtained by more 
cumbersome procedures. Recent applications of the method include the calculation of the 
concentration of particulate matter in Willamette Valley in Oregon (Reiquam, 1970a), sul- 
fur in the atmosphere of northwest Europe (Reiquam, 1970b) and CO in the San Francisco 
Bay area (MacCracken rt al., 1971). 

The basic assumption of the cell model is that the contaminants are readily carried and 
mixed by the wind and this results in a concentration field which, at any given time, is 
locally uniform. The region under study is divided into control cells for each of which, 
assuming the concentration to be uniform, the mass conservation equation can be solved 
to obtain local concentration. The assumption of uniform distribution obviously becomes 
better with decrease in the size of the cells. Because the wind direction is horizontal, uni- 
form mixing in this direction is a plausible approximation. In the usual formulation of the 
cell model, however, the concentration distribution is taken to be uniform also in the verti- 
cal direction and a somewhat arbitrary height is assigned to the cells. This assumption 
is obviously unrealistic. In this note we describe a cell model in which a physically realistic 
vertical distribution is assumed. This does not affect the computational simplicity of the 
method. The modified method is used to calculate the dispersion of SO, in the atmosphere 
of Nashville, Tennessee, during a 2-h period, viz. l6:00-1X: 00 CST on 11 January i959. 
This particular probfem was chosen because more than usual amount of meteorological and 
emission inventory information is available for Nashville and because the same dispersion 
episode has previously been modelled by Randerson (1968, 1971), who integrated the 
three-dimensional diffusion equation numerically. 

For simplicity. consider the emitting area to be divided into a grid of squares, each of 
which is regarded as a uniform area-source with a given strength. Each square of the grid 
is the base of a cell, (qn), the indices 111 and n defining the position af the cell along the 
s- and y-axes respectively. The main assumption of the method is that the pollutants 
emitted from the surface are transported and mixed by the wind and this results in a con- 
centration distribution which can be regarded as horizontally uniform over a short dis- 
tance. Concentration within a cell after a given time interval can be evaluated by balancing 
the input into the cell, due to emission and advection, with the outflow into neighboring 
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celts. If I is the concentration of a particular non-reactive gas 111 the ccl1 (/??J?) and 
Q(m,n) is its mass emitted per unit time into the cclI. then the rate of change of ~$BLU) is 
given by the equation of conservation of mass in the cell (~n.rz): 

d 

it J’ 
C(M. n) dl’ = - 

V(l?Mll j’ 
(.(M. f?) C?(OJ, 12) * d.$ i Q(nr. ,i) (1) 

S(ffi.lil 

where the volume and surface integrals are defined for the cell (ftz.11) and ~ir~,n) is the tur- 

bulent-mean wind velocity in the cell (DZ,~?). The contribution of diffusivr horizontal trans- 
port to equation (I) has been omitted because. although diffusion leads to the elimination 
ofconcentration gradient on a local scale. its effect on intercell transport is negligihlc in COIII- 

parison with advection. If the base of a cell is a square of side h, then integration ovct 
the x- and y.mordinates in the equation giws: 

d 

s 

l(m.n) 

di O 

where II and L: are the .Y- and v-components of the mean wind velocit! C.’ and Iln~n) is the 
height of the cell (m,nj, We have taken zf and I’ to be positive. The first term in the first 
square brackets represents the transfer of mass into the cell (DLU) from the next upwind 
cell (!E - 1.~2) in the x-direction, and the second term describes the loss of mass from the 
cell (m,pl) due to the s-component of the wind. The terms in the second brackets similarly 

refer to transport in the y-direction. 
To integrate over z we need to know the vertical distributioI~s of the concentration C‘ 

and the velocity u. Possibfe vertical profiles of wind velocity have been studied in consider- 
abfe detail and many theoretical and empiricai formulations of them. w-hi& depend on 
the meteorological conditions, are available in the literature. In particular. it is known that 
under conditions of neutral stability the z-dependence of the wind velocity may be written 

in the form 

L’(z) = (u*,,/<) In (Z.‘-_,,) (.T) 

where U*, k and z,, are. respectively. the friction velocity. von Kartnan’s constant and the 

roughness length. Wind observations in the Nashville episode under study arc adcquatcly 
reproduced by a profile of this form. 

Related to the question of the vertical concentration distribution is that of fixing the 

height l(rt?,tz) of a cell. If a temperature inversion exists, which prevents the upward escape 
of the effluent material. then the height of the inversion appears to be :I logical choice 
for I. If the inversion height is sufficiently low, such that the effluents arc refected from 
the inversion. the vertical concentration distribLltion may tend to he nearly uniform &et 
a su~cient~y long time has etapsed, as is assumed in usua1 forrnlil~ltions of the cell model. 
However, in the absence of an inversion the pollLltallts are free to diffuse upwards accord- 
ing to the prevailing atmospheric conditions and the vertical distributively would be far 
from uniform. In general, the vertical distribution would depend on man) I;ictors which 
are determined by the properties of the emission sources and those of the atmosphere and 
the terrain. Since the vertical distribution of pollutants emitted from a steady point sourct’ 
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is Gaussian, we may expect that it would not be grossly different in the case of a steady area 
source. We therefore assume that, in the absence of a temperature inversion, 

c(z) = c0 exp( -z2/202) (4) 

where c0 is the concentration at ground level. Now, the vertical spread of the distribution 
is expected to increase as the pollutants from a particular source progress downwind. 
Hence for CJ we adopt the empirical form: 

o(m,n) = a[x(m,n)]b (5) 

where x(m,n) is the distance of the cell (m,n) from the upwind edge of the emitting area 
and a and h are empirical constants. Values for a and b available in the literature are repre- 
sentative of atmospheric stability over open county. Because of larger surface rough- 
ness and heat island effects somewhat different values should be applicable to an urban 
atmosphere. For steady atmospheric conditions over a city we have adopted the values, 
following Gifford and Hanna (1971) usually quoted for “slightly stable” conditions. These 
are a = 0.15 and b = 0.75. 

With the assumption of equation (4) a height need not be assigned and we can assume 
the cells to be open at the top, thus allowing unhindered vertical diffusion. In this limit, 
with I- X, the mass conservation equation (2) becomes: 

tL c,(m, n) = c&n - 1, n) 1,(m - 1, n) - c&n, n) l&l, n) 

+ c&z, n - 1) I”@, n - 1) - c&l, n) I”(@ n) (6) 

+ 

J 
2 Qh4 
TC b%(m, n) 

where 

with a similar definition for I,. The lower limit of the integral, L(m,n), is the height assigned 
to the base of the cell (m,n) to take account of the topography of the terrain. 

We now briefly describe the application of this modified cell model to the dispersion 
of SO, in the atmosphere of Nashville over a 2-h period. For a detailed description of 
the acquisition of data the reader is referred to Randerson (1968). Figure 1 shows the grid 
system and the area source strengths (g of SO, emitted s- ‘) assigned to each cell. Each cell 
has a base of 1 x I mile. The wind field was determined from observations at lo-, 75- and 
150-m levels and was found to fit closely the logarithmic distribution: 

U = 0.48 In ; Z> 16m. 

The average building height has been approximated to be 15 m. Observed wind speed and 
direction indicated no change in the field of air flow during the 2-h period. Consequently, 
wind speed and direction (from E.S.E. at 112.5”) were assumed to be steady. Topographi- 
cally, Nashville is situated in a basin with hills to the south, west and north. 



IO06 

I I 2 3 4 5 6 7 8 9 IO II 

MILES 

Initial values of SO-, concentration at cell centers are estimates based on measurements 
at irregularly placed observation stations (Randerson. 1968). The evolution of SO1 con- 
centration in each cell is calculated for the 7-h period from cyuation (6) at successive small 
intervais of time. We assume that ~~?~~~e~~tr~~ti~~~~ at tune (f + Af) is given 1~) : 

Terms of higher order in At may bc easily included in the integration but the error due 

to their omission will be negligible as compared to the errors present in the calculiktion 
because of the inherently ~pproxi~ltc nature of the data. The time interval Af in our calcu- 

lation was taken to be 5 s. 
In the converhwzal cell model the concentration is assumed to be uniform vertically as 

well as horizontally. If the height of each cell is the same. vi;r. /. tht: mass conservation qua- 

tion for the cell (mn) becomes 

where u,,~,(HI,H) is the value of velocity component II averaged over the height of the cell 
(nz,n), with a similar definition for L.,,,,(M,H). To test the dependence of the predicted con- 
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Fig. 2. Predicted contours of equal concentration of SO1 in Nashville. Succeeding contours differ 
by 16 ppb. Numbered boxes indicate the locations of observation stations. 

centration field on the height 1, we did the calculation for Nashville for values of 1 equal 
to loo-, 125-, 150-, 175- and 200-m, according to equation (8). For a particular cell the 
predicted concentration at the end of the 2-h period decreases monotonically with increase 
in 1. For instance, concentration decreases from 3 10 to 120 ppb at station (48) (see Fig. 
2) and from 160 to 50 ppb at station (90) as 1 is increased from 100 to 200 m. The con- 
centrations at different stations do not decrease at the same rate, so that the concentration 
distribution pattern looks notably different for different values of the cell height 1. It is 
obvious therefore that the prescription of a cell height with a uniform vertical distribution 
introduces arbitrary errors in the calcul&ion. 

Surface concentrations of SO2 at the end of the two hour period, as calculated by the 
modified cell method, namely equation (6) are shown in Fig. 2. The contours of equal 
concentration are obtained by linear interpolation between the values found for the cells. 

The source distribution, Fig. 1, has a maximum near the center and a small maximum 
to the west of the center. These maxima result in local maxima of concentration in earlier 
parts of the 2-h period, but gradually they become less marked due to dispersion by the 
wind and the concentration pattern becomes aligned with the wind direction. The southern 
and eastern regions of Nashville have relatively clean air, the concentration of SO, being 
less than 40ppb. The SO1 spreads towards north and west where the concentration 
becomes higher; the maximum of concentration moves by only one cell in 2 h. 

Sulfur dioxide concentration is observed at the seven stations shown in Fig. 2. The pre- 
dicted concentrations are compared with the observed ones and those obtained by Ran- 
derson in Table 1. Concentrations are given as massfvactions in units of parts per billion 
(ppb)*. It may be noted that the observation stations are located at ground and therefore 
surface concentrations are listed. (The heights given for the stations by Randerson are 

* Since the density of air is 1.23 x 10’ g me3 a pollutant concentration of 1.23 x 10eh grnm3 is equivalent to 

1 wb. 
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Table i. Comparison of observed and calculated concentr~ltiojls ai seven ohser~mg stations in Nasb~ill~. Cvn- 
centrations are given in pph (mass fractions) 

_,_~.__ _~ .____..__.____. _~ .--._ 

Observation NumerIcal 
station Ohscrved Prcscnt model 01 
number concentration Lxlclllntioll Knnderson 

I’) 
4X 
52 
56 
60 
x7 
90 

C‘orrclation coetficient 
Me,tn r&live error ‘ ‘ 

17X 

2YY 

64 
151 
460 

290 
90 

elevations of theground with respect to the base plane of the model.) It is seen that this 
model, like that of Randerson, generally underestimates the concentrations as compared 
to the observed values. The predictions of this model are within a f;ictor of 4 of the 
observed concentrations except for stations (60) and (X2) where the discrepancy is larger. 
Randerson numerically solved the three-dimensional diffusion equation including the 
effects of diffusion, of vertical advection and of an exponential chemical decay. Although 
Randerson’s method is potentially capable of very accurate results. his calculation is re- 
stricted to a height of 60 m only, even though some emission sources are located above 
SO m. This ceiling at 60 m is probably responsible for the nloverncllt of the center of maxi- 
mum concentration towards south-west in Randerson’s c~~~culatioll. The wind is from the 
south-east and the center is likely- to move towards nor&west. as observed in our cal- 
culation. 

In conclusion, it may be said that the assumption of a uniform vertical distribution of 
concentration with an arbitrary cell height, which is a feature of the conventionally used 
multi-cell models, can be easily replaced by a more realistic assumption for the vertical 
distribution. This modification does not affect the computational simplicity of the multi- 
cell model and, our calculation for Nashville shows that. the modified method yields a con- 
centration field which agrees well with the observed one in terms of qualitative features of 
distribution and the magnitude of relative error. 
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